In this paper, the (3+1)-dimensional BKP equation is mainly being discussed. Based on the the Wronskian technique and the Pfaffian properties, Wronskian and Grammian solutions have been established. Generating functions for matrix entries satisfy linear system of partial differential equations involving a free parameter.
Introduction
One of essential aspects of soliton theory is searching for soliton equation. Over the pass decades, many kinds of powerful methods have been proposed to find solutions, such as inverse scattering transformation [1] , Darboux transformation [2] , Hirota's bilinear method [3] , the homogeneous balance method [4] , the algebrageometric method [5] and so on. It is well known that soliton solutions can also be written in Wronskian form, which was firstly introduced by Satsuma in 1979 [6] , Taking the advantage that special structure of a Wronskian contributes simple forms of its derivatives, Freeman and Nimmo [7, 8] developed the Wronskian form to the bilinear equations. It is noted that Grammian is another type of solution representation for soliton equations,which can be rewritten as a Pfaffian and the proof can easily be completed by virtue of Pfaffian properties [9] [10] [11] . For higher-dimensional solution equations,there exist Grammian solutions and Pfaffian solutions [12] . Grammian solutions to the Kp equation were constructed by Nakamura [13] and Pfaffian solutions to the BKP equation were presented by Hirota [14] . Very recently, one Wronskian formulation and one Grammian formulation are established for the (3+1)-dimensional generalized KP equation by Ma [15] .
In the paper, we would like to discuss the (3+1)-dimensional generalization of the BKP equation
which is firstly presented by Ma [16] . Noticing that this (3+1)-dimensional BKP equation reduces to the BKP Equation:
if z=y. Ma and Fan obtained an N-wave solution for the(3+1)-dimensional BKP equation in Ref. [16] , following the linear superposition principle of exponential waves. The organization of this paper is as follows. In Sect. 2, we generated the Wronskian solution by the Wronskian technique. In Sect. 3, we present Grammian solution expressed by Pfaffian and give its proof in detail. A conclusion and remarks are given in Sect. 4. To use the Wronskian technique, we adopt the compact notation introduced by Freeman and Nimmo [7, 8] ,they set
where φ
To conveniently write (2.1), a Wronskian determinant is given by
We consider the (3+1)-dimensional BKP equation (1.1). Under the dependent variable transformation
Eq. (1.1) is mapped into a Hirota bilinear equation
where D x , D y , D z and D t are Hirota bilinear differential operators [13] . Equivalently we have
The Hirota bilinear equation (2.4) has Wronskian and Grammian solution. Here we would like to present a class of Wronskian solutions. We assume that (2.5) has the solution in the Wronskian form 6) where φ i = φ i (x, y, z, t) satisfies the following of linear partial differential equations:
with a, b, c constants to be determined. Under the condition (2.6)-(2.10), we can compute various derivatives of the Wronskian determinant f = | N − 1| with respect to the variables x, y, z, t, It is not difficult to obtain that
Substituting these derivatives into (2.5), we can now compute that
Let b = 4a and c = −3, then we have
On the one hand
It is known that [7] |M, a, b||M, c, d|
where M is an N × (N − 2) matrix, and a, b, c, d are N -dimensional column vectors. Let a j (1 ≤ j ≤ N ) be an N -dimensional column vector, andγ j (1 ≤ j ≤ N ) be a real constant not to be zero. Then we have
where
The above two equalities (2.11) and (2.12), can be verified through a direct calculation.
It is obvious that the following identity holds
By employing Eq. (2.13) and (2.12), we obtain through tedious calculation that
(2.14)
Using (2.11) and (2.14), we further obtain that
Therefore we have the Wronskian solution of Eq.(1.1) via (2.3)and (2.6)
where φ i = φ i (x, y, z, t) satisfies the system of linear partial differential equations
16)
17)
18)
where a is a free parameter. From the compatibility conditions φ i,xxt = φ i,txx (1 ≤ i ≤ N ) of the conditions (2.16)-(2.19), we have the equalities
and thus we see that the Wronskian determinant W(φ 1 , φ 2 , . . . , φ N ) become zreo, if the coefficient matrix Λ = (λ ij ) is dependent on t, i.e., Λ t = 0. Therefore, we only need to consider the reduced case of (2.16)-(2.19) under dΛ/dt = 0, i.e., the condition (2.16): φ i,xx = n j=1 λ ij (t)φ j , where Λ = (λ ij ) is an arbitrary real constant matrix.
Grammian solution of Eq.(1.1)
In what follows, we focus on the Grammian type solution and construct a broad set of sufficient conditions which make the Grammian determinant a solution of the bilinear equation (1.1). Theorem 2.1 The Eq.(1.1) has the Grammian form solution
where the function φ i = φ i (x, y, z, t), ψ j (x, y, z, t) satisfy the two sets of conditions
a , ω ij , µ ji , are real constants and ω ij + µ ji = 0 (i, j = 1, 2, · · · , N ). Proof. We first consider a differential of the determinant f N = det|a ij |, It is expressed by means of a Pfaffian as
Next let us introduce Pfaffians (m, n = 0, 1, 2, · · · , N ) defined by
By virtue of the above Pfaffians, differentials of the elements a ij (i = 1, 2, · · · , n; j = 1, 2, · · · , n) are expressed as follows:
,then we have the following dif-ferential formulaes for f N :
We can now compute that
Using the identities of determinant,we can easily get
substituting the above Pfaffians into Eq.(2.5), we obtain (f tz − f xxxy + 3f xx )f − f t f z + f xxx f y + 3f xxy f x − 3f xx f xy − 3f
It is easy to see that Eq.(3.10) is nothing but the Jacobi identity for determinant.Therefore, this shows that f N = det|a ij | 1≤i≤j≤N with the conditions (3.2) and (3.3) solves the (3+1)-dimensional BKP Hirota bilinear KP equation (2.4).
Conclusion and remarks
In this paper, we have established one Wronskian formulation and one Grammian formulation for the the (3+1)-dimensional BKP equation, wtth all generating functions for matrix entries satisfying a linear system of partial differential equations involving a free prameter.The Plücker relation and the Jacobi identity for determinants are the key to establish the Wronskian and Grammian formulations. To our knowledge , there still lots of work need to be done, such as the rational solutions, solitons, negatons, positons and interaction solutions. The work in these directions is in prograss.
